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Phase-Shift Network Analysis
and Optimization

Analyzing a phase-shift network shows how its
performance varies with component tolerances.

by Kevin Schmidt, WOCF

Introduction

The phasing method of single-sideband generation or
detection requires two signals with a 90° relative phase
shift over the audio frequency range. The phasing method
has never been very popular, particularly once relatively
inexpensive filters became available. In the future, pre-
sumably, digital signal-processing techniques will per-
form the necessary audio phase shifting or directly gener-
ate the radio frequency single-sideband signal. Why then
should you be interested in audio phase-shift networks?
Perhaps because they are relatively low cost, easy to build
and are fun to play with. In addition, the techniques that
I describe here are useful for efficient analysis of other cas-
caded networks.

For many years, the ARRL Handbook has included a
circuit for an audio phase-shift network designed by
HA5WH.1Ihave not located the original reference for this
network. The Handbook claims that the circuit gives ap-
proximately 60 dB of opposite sideband suppression using
10% tolerance components. This flies in the face of the
usual result that you need 1% components to get around
40-dB suppression. In this article, I will analyze and give
design equations for this type of network. Unfortunately,
this analysis shows that using 10% tolerance components
can lead to poor sideband suppression. With ideal compo-

Notes appear on page 23.
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nents the network can give excellent performance, and by
using either high-tolerance components or well-matched
lower-tolerance components, the network still can give
good performance.

In the following sections I give the general formula for
the sideband suppression in terms of the phase and ampli-
tude errors in the phasing network; derive an efficient
method of analyzing a general network of the HASWH
type; give the analysis of an ideal realization of the net-
work; describe the optimization of the network in terms of
easily calculated elliptic functions; and, give the effects of
component tolerances. The result is a set of simple design
equations for the ideal network and an estimate of the
sensitivity to component tolerances. A set of FORTRAN
programs that implement the methods described are avail-
able for downloading.

The Effects of Phasing Errors on Sideband
Suppression

The phasing method generates a single-sideband signal,
given mathematically as cos((w, £ @,)t), where the + (or -)
sign gives the upper (or lower) sideband, and @, = 2xf, where
fe is the carrier frequency. Similarly, @, = 2nf, where f, is
the audio modulating frequency. The cosine can be written
as

cos ((wc % a)a)t) = cos (.t)cos (w,t)F sin(w.t)sin(w,t)
Eq1

the basic equation of the phasing method. The multiplica-

tions on the right-hand side are accomplished using bal-

anced modulators, and the two audio frequencies (as well
as the two radio frequencies) must be 90° out of phase and
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Fig 1—The schematic diagram of the HAS5WH wide-band phase-shift network.

of equal amplitude. I will assume that the radio frequen-
cies are exactly 90° out of phase, and of equal amplitude.
Using the usual complex notation with VAeJ‘”ﬂ’ to be one
audio signal, and VBer,,t to be the other, the result of
using a nonideal phasing network will be

Re[cos(wct)VAejwﬂl +sin(w,t)V ge’ ¥ ] -

%Re[ej(w‘+w°)l(VA —jVB)+e_j(w“_w")t(VA +jVB)] Eq2

and the sideband suppression (or enhancement) is given
by

Vat+tiVp

20 log 10 VA — _]VB

Eq3

Notice if | Vi | equals | \%:] |, that is if the two signals have
equal amplitude then for a phase error of 3, the suppres-
sion in dB is simply,

ol

Analyzing the HASWH Network

Fig 1 gives the circuit diagram of the HASWH network
as shown in the ARRL Handbook. Given this circuit, it is
easy to analyze the network numerically using a mesh or
nodal analysis. The disadvantage of this brute force ap-
proach is that it gives no insight into why the network
works, or how changes in the network affect its perfor-
mance. [ will therefore describe a method that is both more
efficient numerically, and, by using the symmetry of the
ideal network, leads to simple design equations.

The network consists of six sections each with four input
connections and four output connections. One of these

-2010g 10 Eq 4
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sections is shown in Fig 2. I have labeled the input volt-
ages and currents Vy, Vo, V3, V4, I4,1g, I3, I4. The corre-
sponding output voltages and currents are labeled V'y, V'y,
V'3, Vg, I'y I'g, I's, I'y. A straightforward nodal analysis
of this network gives the eight linear equations repre-
sented by the matrix equation

IV (M MpyVv
') My Mgy \V’
where V, V' I, I’ are length 4 vectors, and the Mij are 4-by-
4 matrices. Eq 5 compactly represents the eight equations

that are the requirements of current conservation at each
of the nodes of the network section. The M;; matrices are

Eq5
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Eq 6

In exact analogy with cascading two-port networks using
ABCD matrices, to cascade these network sections I de-
fine a new matrix equation,

\%4 _ Ay Ap\(V
[1']_(A21 Agg N1 Eq7
Solving for the A;; matrices gives,
Apn=-Mpy" My
A =My
Agy =My ~ MM My, Eq8
Agy = MMy

where M1 is the inverse of the matrix M.

Labeling the 8-by-8 matrices for each of the n sections of
the network by A, A(2), ., A(), the matrix relating the
input to the output of the full network is A made up of the

four 4-by-4 matrices A;j,

[Voutjz All AIZ (VinJ
Iaut A21 AZZ Iin

where A is the matrix product ADA@A®), . A,

Eq9

The Handbook circuit drives four resistors on the four
output connections. Labeling these as R{out) Rylout) Rqlout),
R40ut)) and defining a 4-by-4 load matrix L,

1

— 0 0
R}out)
1
0 R(out) 0 0
L= 2 .
0 0 0
{out) Eq 10
Raau 1 q
0 0 g (out)
R4

I can write the relationship between the output voltage
and current as,

(Iout ) = L(Vout )

Solving for I,,,,, and back substituting gives the final net-
work matrix equation relating the four output voltages to
the four input voltages,

Eq 11

~ ~ -1/~ ~ - -
(Vour) = (1—A12A§21L) (An _A12A2_21A21)(Vin) Eq 12
where 1 in Eq 12 stands for the unit matrix
1000
0100
0010 Eq 13
0 0 01

If the output resistors are large compared to the other
circuit impedances, L can be taken to be zero. In that case
the equations simplify to,

(Vout) = (An - Alzfiizlfizl)(Vm) Eq 14
The Handbook network has (V;,,) proportional to
1
1
V— o
( Lll) -1 Eq 15

After calculating the A and L matrices from the circuit
values, the output signals need to be combined as,

Vout,l - Vuu!,S = VA

Vout,Z - Vout.4 = VB Eq 16

and the sideband suppression is given by Eq 3. The rela-
tive amplitude and phase of the signals can also be calcu-
lated. Most phase-shift networks are based on all-pass
networks so that the amplitude of all signals is equally
attenuated. The HA5WH network is not an all-pass net-
work. Ideally, we want both good sideband suppression
and we want V4 and Vg to be constant in amplitude and
phase across the passband of the audio circuit.

I have written a FORTRAN program to implement the
analysis of this section. It is available for download from
the ARRL BBS (203 666-1578) and via Internet FTP from
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ftp.cs.buffalo.edu, in the \pub\ham-radio directory. The
file name is pshift.zip. If the matrices that are inverted
become singular, the above analysis breaks down at the
singular points. For example, M|, becomes singular when

4 1
" RyRyR3R,C1C5C5C,

Eq 17

Near these points, roundoff error in the calculations will
be large. For the analysis done here, this is not a big prob-
lem. However, analysis on networks with many sections
or near singular points will require more numerical care
than I have taken in the FORTRAN program, or the use of
astandard formulation where the full set of network equa-
tions are solved at once.

Analysis of the Ideal Cyclic Network

The design of the HASWH network, as shown in the
Handbook, has four identical resistors and four identical
capacitors in each of the six network sections. This means
the network is invariant under a cyclic interchange of the
ordering of its ports. That is, if we were to relabel the ports
by letting 1 become 2, 2 become 3, 3 become 4, and 4 be-
come 1, we would obtain exactly the same equations de-
scribing the network. Such invariances are treated gener-
ally using the mathematics of group theory, which greatly
simplifies the study of the system with symmetries.2 The
ideal HASWH network has what is known as cyclic 4 or Cy
symmetry. The network equations can be analyzed using
group theory. Analysis of the character of the matrix that
represents the cyclic operator shows that each of the four
irreducible representation of C, appears once. These
therefore correspond to the four eigenvectors of the A
matrices, which can then be written down immediately.

Most hams probably are unfamiliar with group theory,
however, the results can be easily verified without using
group theory. The right eigenvectors y(m) and the eigen-
values 4,, of a matrix M are defined by finding the solu-
tions to the equations,
MW(m) =1, v/(m) Eq 18
That is, multiplying the eigenvector by the matrix gives
the same eigenvector back as the result, simply multiplied
by the eigenvalue. The effect of multiplying a matrix times
one of its eigenvectors is to simply multiply the eigenvec-
tor by the eigenvalue.

The cyclic eigenvectors in our basis are those that
change by a constant phase between the elements, with
the same phase change between the last and first ele-
ments. This gives,

1 1 1 1
1| -tf | J]|-J
-1 Eq 19
1) -1 \-j)

By direct matrix multiplication, it is easily verified that
these are the eigenvectors of all the M matrices if all the
R and C values are the same in a network section. This is
a direct consequence of the cyclic 4 symmetry. Further,
since the A matrices are combinations of products of the M
matrices, these same vectors are the eigenvectors of
the A matrices. Since V,,, is given as a combination of A
matrices times V;,, if we express V;, as a linear combina-

20 QEX

tion of the four eigenvectors, V,,,; will be given by taking
this same linear combination and multiplying each term
by an appropriate eigenvalue. The network must then be
designed to produce a 90° relative phase shift.

The input to the HASWH network contains only the last
two eigenvectors written above. That is

1 1 1
L\ 1= J |, 1+j|J|_1-j 1+
Vie= == | et e, v
n= a2 | alTTe a2 YeT T2 Y gqo0

-1 - -J

where the last line defines the relevant eigenvectors as y,
and y;,. Further, the output is also not sensitive to the first
two eigenvectors if the output impedances are identical
and the operational amplifiers have good common-mode
rejection. Having both of the conditions will be helpful if
the cyclic symmetry is broken because of component toler-
ances.

With the input as in Eq 20, the output will in general be

1-j 1+
Vout :TgaWa +_2_ngb

and the two outputs to the balanced modulators will be

Eq 21

Va =(1-Jj)gq +(1+j)ap

N N Eq 22
Vp =(1-j)jge —(1+j)ios 4
the suppression in dB is found using Eq 3,
g
201log 19|
810 P Eq 23

So to design a good network, we must eliminate one of these
final two eigenvectors.

The analysis so far shows how the HAS5WH network can
be motivated. The C, eigenvectors have equal amplitudes
for the four voltages and have phase shifts between adja-
cent ports of 0°, +90°, 180° and 270°. This last is equiva-
lent to a phase shift of -90°. We want to choose the net-
work drive, connections and component values to select
one of the two 90° phase-shifted eigenvectors. As an aside,
the same ideas could be used to design a 60° relative phase
shift by using a network invariant under the group Cg, or
a 45° shift from Cyg, etc.

The first step in selecting the component values is to cal-
culate the eigenvalues of the four M matrices. By direct
multiplication, I get

1
1%=2%=—+ juC
11 11 R J

1 b 1
A?ZZ_E_‘OC’X 12:—5

, _ 1 b _1
/1«51:*}5—0)6',2,21:—1—54'(00

+wC

Eq 24

1
= —iaC
r 7’

A=A gf
where the superscript a or 6 indicates the eigenvalue cor-
responds to the eigenvector v, or y,, respectively.

The effect of one of the A matrices, when a single eigen-
vector is input, is given by replacing the M matrices in
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Eq 8 by their eigenvalues. After a little algebra, I get,

. 1 (1+jcoRC -R j

"1+ wRC\ —2joC 1+ joRC
Ab - 1 1+ joRC -R Eq 25
" 1-wRC{ -2joC 1+ joRC

The A% matrix is proportional to A¢. If we feed the section
of the network with a linear combination of y,; and v, the
section suppresses y, relative to y; by a factor of

1- wRC
1+ oRC Eq 26

The HASWH network has the properties that the mag-
nitude of the ratio given in Eq 26 is always less than one
for positive frequencies and is exactly zero for w=1/(RC).
The first property says that additional network sections
can only improve the relative 90° phase shift of the out-
puts. The second says that we can set the frequencies of
exact 90° phase shift by selecting the R-C values of single
network sections. These two properties greatly simplify
the design and optimization of the network.

The sideband suppression at a single frequency is given
for an n section network,with R-C values in section i given
by R, and C;, as

1- CDRiCi

n
Suppression = 20 ) lo, ——L L]
PP L“‘Zl E10 1+ a)Rl-Ci

Eq 27

A simple method of picking the R-C values for each sec-
tion is to use a computer to plot the above result, and adjust
n and R,C, to achieve the required suppression. This is, in
fact, the obvious technique to use if you are trying to de-
sign with a set of parts already in your junk box. However,
the form of the suppression makes it easy to select opti-
mum values, as seen in the next section.

Optimizing the Sideband Suppression

The optimum values of R;C; can be easily calculated using
elliptic functions. Typically, we want the worst-case sup-
pression to be the highest possible. This leads us to the
equal ripple or Chebychev approximation. The mathemat-
ics are straightforward and given in detail by Saraga.3 For
an upper and lower frequency of f;, and f; respectively, the
R;C; values for an n-section network are,

dn(g‘z—;l K(k),k] i
RC =—> 20
iCi 227, a

where

h=1-(f 1 £.), K(k)

is the complete elliptic integral of the first kind, and
dn(u,k) is a Jacobi elliptic function.4.5

One of the FORTRAN programs calculates the R;C;
values given the upper and lower frequencies and the n
value. In Table 1, I give some calculated values for some
networks of interest to hams, and their theoretical side-
band suppression. These theoretical results will, of course,
be best cases assuming perfect components.

In passing, I note that Saraga’s Taylor approximation is

(dB)

suppression

given by simply choosing all the R,C; values to be the same
and equal to

1

2ﬂ\/f7uf ]

(see note 3). Also, if maximum suppression is needed at a
particular frequency (for example if you wanted to use
audio tones in a single-sideband transmitter to produce
frequency shift keying), it is simple to select R;C; values
appropriate for these frequencies and then optimize the
other network sections.

Effects of Amplitude Variations and Component
Tolerances

So far, I have only looked at the relative phase shift of
the two outputs. To have a high-quality audio signal, the
network must have a flat amplitude output. Usually, this
is handled by constructing, respectively, an all-pass net-
work. Since the HAS5WH network is not an all-pass form,
we must examine its attenuation as a function of fre-
quency. In Figs 3, 4, and 5, I have plotted the sideband
suppression and the amplitude and phase variations of one
of the output signals, for the optimal 4, 6, and 8-section
filters designed for the frequency range 300 to 3000 Hz
with equal value resistors. The network sections are or-
dered from largest RC value to smallest, as in the original
HA5WH design. As shown, the amplitude variations are
less than +1 dB, the phase variation is smooth, and the
sideband suppression is of the equal ripple form—as ex-
pected.

One of the main selling points given in the Handbook
description of this network is the claim that low-tolerance
components can be used to obtain a high-performance
network. From the analysis in the previous section, if
eyclic symmetry is maintained, the network will perform

100 — -
1 S i
A-section —¥ i

90 . B-sectian |-

X “»@rSectiohn

80 .

70 s

60 1

50 h

40 h

30 1 L 1 1 1

0 500 1000 1500 2000 2500 3000
frequency

Fig 3—Ratio of the magnitude of the unwanted to wanted
sideband for the 4, 6, and 8-section optimal Chebychev
networks for the frequency range 300 to 3000 Hz.
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Fig 4—Relative amplitude of one output signal for the 4, 6
and 8-section optimal Chebychev networks for the frequency
range 300 to 3000 Hz.

perfectly at the n selected frequencies corresponding to
f=1/(2rRC) for each network section. Since matching com-
ponents is generally easier than measuring their values
accurately, I examine the effect of a change of these node
frequencies caused by perfectly matched, but low-
tolerance components. Since both the resistors and capaci-
tors can vary, using 10% components can vary the nodal fre-
quency values by approximately 20% if both components
change value in the same direction. A worst-case condition
would be for all the sections to have too high or too low of a
frequency by 20%. This simply shifts the network center
frequency by 20%. For the optimal 6-section filter from 300
to 3000 Hz, this changes the sideband suppression from over
60 dB to about 42 dB. If a 10% variation of network node
frequencies is assumed, that is 55 components, and again
all the frequency changes are assumed to be in the same
direction, the suppression is nearly 50 dB. This shows that
relatively low-tolerance but well-matched components can
give excellent results. Eq 27 can be used to predict the effect
of changing the R-C values of each filter section due to com-
ponent tolerances when the components are perfectly
matched in each section. The case where unmatched R and
C values in each section are used is of course the one with
the most practical interest. Here, we can get an idea of what
the worst-case possibilities are by looking at the cross terms
between y, and y, when the M matrices are no longer cyclic.
Typical terms give contributions like,

1 1 1 1
{Rl Rs] [R2 R4]
or
o(C1+Cy)—(Cz+Cy) Eq 30

where here the subscripts 1, 2, 3 and 4 indicate the posi-
tion in the network section as in Fig 2. This indicates that
a single section with a tolerance ¢ (¢ = 0.1 would be 10%
tolerance) can reduce the overall suppression to roughly
20 logyo(t) dB. That is, 10% components could give sup-

Eq 29

22 QEX

Fig 5—The phase shift of one output signal for the 4, 6, and
8-section optimal Chebychev networks for the frequency
range 300 to 3000 Hz.

pressions as low as 20 dB, and 1% components as low as
40 dB if the components in a network section are not
matched. Notice that to be sure to obtain 60-dB opposite
sideband attenuation, components with short- and long-
term tolerances of 0.1% would need to be used.

As a concrete example of this sensitivity to unmatched
components, I calculated the suppression of the original
HA5WH 6-section filter for the case where only the resistors
inthelast section have been changed by 10%. R and Rghave
been raised by 10%, and Ry and R4 have been lowered by
10%. For ideal components, the suppression is greater than
57 dB, but changing just the resistors in the last section
reduces the suppression to 26 dB, in rough agreement with
the simple calculation above. Using these results to try to
cook up a near worst case, I tried changing all the resistors
in exactly the same manner in each section. In addition I
changed all the capacitors by raising the Cy and C4 values
by 10% and lowering the Cy and Cg values by 10%. The re-
sult was to further lower the unwanted sideband suppres-
sion to about 17 dB. Clearly, 10% components and bad luck
will produce unacceptable sideband suppression.

One last comment on the Handbook circuit is the design
of the operational amplifier circuit for the output. One sec-
tion of this circuit is shown in Fig 6. All the resistors have
the same value in the Handbook circuit. This does not give
a balanced output and would be another source of phasing
errors. If I assume that the operational amplifier input im-
pedances are very large, the input impedance at point 2 is
clearly 2R,. The voltage at the noninverting input is there-
fore V5/2. The current drawn from input 1 is therefore

Vi-Vy/2

Ry
and since V| = -V, with perfect phasing, the impedance
seen at input 1is 1.5R. So 2R, should be equal to 1.5R1,
and in addition, dc balancing of the operational amplifiers
may be required to compensate for input bias current. For
the Handbook circuit, the unbalanced output resistance
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Table 1

The optimal Chebychev values for some ideal HASWH type phasing networks. f,and f, are the upper and lower frequencies,
nis the order of the network, and f;, where iis 1 through n, are the frequencies of exact 90° phase shift. The corresponding
R-C values are 1/(2nf). Sup is the minimum sideband suppression over the network range in dB.

fy f, n Sup(dB) f, ) f3 fy fs fs f, fg
300 3000 4 40.5 332.2 629.8 1429.0 2709.0
300 3000 5 52.1 320.5 500.7 948.7 1797.6 2808.1
300 3000 6 63.7 314.2 4355 720.3 1249.5 2066.8 2864.5
300 3000 7 754 3104 397.8 595.3 948.7 1511.8 2262.4 2899.4
300 3000 8 87.0 308.0 3740 5194 771.2 1167.0 1732.7 2406.2 2922.5
200 4000 5 429 2195 398.4 8944 2008.1 3645.0
200 4000 6 52.7 213.56 332.1 633.1 1263.6 2408.9 3747.8
200 4000 7 62.5 209.9 294.6 497.5 894.4 1608.2 27155 3812.0
200 4000 8 722 2075 271.2 417.8 689.9 1159.6 1915.0 2949.6 3854.8
150 6000 6 447 163.6 287.7 628.9 1431.1 3128.3 5500.9
150 6000 7 53.1 160.0 247.7 471.0 948.7 1910.7 3633.0 5626.4
150 6000 8 61.5 157.6 223.1 381.3 696.7 1291.9 2360.2 4033.2 5710.4
3Saraga, W., “The Design of Wide-Band Phase Splitting Networks,”
Proc IRE, Vol 38, p 754 (1950).
AN 4Cayley, A., An Elementary Treatise on Elliptic Functions, (Dover,
R New York, 1961).
. 1 SAbramowitz, M., and Stegun, |., Handbook of Mathematical Func-
O VVYV - tions with Formulas, Graphs, and Mathematical Tables, National
R —O Bureau of Standards, Applied Mathematics Series, (US Govern-
2 + ment Printing Office, Washington, DC 1964). 0o
R2

Fig 6—The schematic diagram of one operational amplifier
section.

reduces the sideband suppression even in the ideal compo-
nent case to about 35 dB.

Conclusion

The HA5WH network takes advantage of cyclic symme-
try to give simple design equations and excellent sideband
suppression with ideal components. If the cyclic symme-
try is maintained, the network is not very sensitive to
component tolerances. This means that the components in
each of the network sections should be carefully matched.
Breaking the cyclic symmetry by using unmatched compo-
nents can drastically affect the performance of the net-
work.

I have given a set of formulas and FORTRAN programs
to design the optimum ideal networks and to analyze both
the ideal and nonideal cases. Analyses other than the cases
that I have described here can be easily done with these
methods and programs.

Notes

The ARRL Handbook for the Radio Amateur, (American Radio
Relay League, Newington, 1993), and many previous editions.

2 See for example, Cracknell, A.P., Applied Group Theory,
(Pergaman, Oxford,1968) for an introduction to group theory, with
reprints of selected original papers.
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